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Abstract 

The AdS/CFT correspondence and a classical test string approximation are used to 
calculate the drag force on an external quark moving in a thermal plasma of M = 4 super- 
Yang-Mills theory. This computation is motivated by the phenomenon of jet-quenching in 
relativistic heavy ion collisions. 
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1 Introduction 



A calculation of the ratio of shear viscosity to entropy density of near-extremal D3-branes £Q 
raised the tantalizing prospect of a connection between string theory and relativistic heavy 
ion collisions. The connection hinges on two premises: 

1. Experiments at RHIC E3 HI E] probe properties of the quark gluon plasma (QGP) 
a thermal state of matter where colored states are deconfined, but the coupling is still 
strong: the 't Hooft coupling is on the order of 10. 

2. Near-extremal D3-branes provide a gravitational representation of M = 4 super- Yang- 
Mills theory at finite temperature [U], large N, and strong 't Hooft coupling, Qym^ ^ 
1. 

In most circumstances, replacing QCD by M = 4 super- Yang-Mills can be charitably de- 
scribed as an uncontrolled approximation. The gauge fields and their tree-level interactions 
are identical between the two theories, but the matter fields and the quantum dynamics 
are different in many ways. A conservative view, then, is that near-extremal D3-branes are 
merely an analogous system to the QGP. A more optimistic view is that M = 4 super- Yang- 
Mills at a given gy M iV 1 and finite temperature T may capture much of the dynamics 
of the QGP in a range of temperatures high enough so that confinement and the chiral 
condensate have disappeared but low enough so that the 't Hooft coupling is still large. In 
view of the success of [T] in at least qualitatively reproducing the low shear viscosity that 
events with elliptic flow appear to exhibit, as well as the difficulty of formulating any other 
analytic framework which incorporates strong-coupling quantum dynamics, one can't help 
hoping that more can be learned about heavy ion physics from the near-extremal D3-brane 
and its variants. Indeed, a significant literature has emerged on this topic, with which my 
familiarity is regrettably slight: see for example [3|HJ|II1EI] and references therein. 

One of the more distinctive features of RHIC data is the phenomenon of jet-quenching: 
strong energy loss as a high-energy parton passes through the QGP. To make a connection 
with string theory, one should start by passing some sort of colored object through the 
finite temperature M = 4 super- Yang-Mills plasma. Readiest to hand is an external quark, 
which in the framework of AdS / CFT [TT1 IT2l ITB*] is represented as a string dangling from 
the boundary of AdSs-Schwarzschild |141 ITST ITol IT71 ITS] . Its point of attachment on the 
boundary carries a fundamental charge under the gauge group SU(N), and it is infinitely 
massive. 
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The external quark can be prescribed to move on the boundary of Ac/S'5-Schwarzschild 
along any timelike trajectory. Because the quark is infinitely massive, the most sensible tra- 
jectories are those with constant velocity relative to the reference frame defined by the time- 
like Killing vector of AdS'5-Schwarzschild (that is, the rest frame of the plasma). One then 
expects that the string trails out behind the quark, arcing down into AdS's-Schwarzschild. 
The string is a holographic representation of the color flux from the external quark spread- 
ing out in the 3 + 1 dimensions of the boundary theory. The string exerts a drag force on 
the external quark, the calculation of which is the main aim of this paper. The magic of 
AdS / CFT is that one can use a classical picture of a string in curved space to capture strong 
coupling gauge dynamics. But we must keep in mind that the underlying theory is M = 4 
super- Yang-Mills (or some other theory known to have an AdS^ dual) rather than real-world 
QCD. 

While this paper was in preparation, I received fH]; which includes the main results of 
this work and extends them in several ways, and also [201; m which a different approach is 
taken to describing jet-quenching in AdS/CFT. 



2 Test strings in Ao^-Schwarzschild 

The metric of the near-extremal D3-brane is 

ds\ Q = H^ 2 (-hdt 2 + dx 2 ) + h 1 ' 2 (^ + dnl 



h 



7-4 4 



r 4 r 4 



Here x = (x, y, z) are the spatial coordinates along which the D3-brane is extended and dQf 
is the standard metric on the five-sphere S 5 with unit radius. The near-horizon limit consists 
of "dropping the 1" from H . Then the metric is AdSs-Schwarzschild, 

™2 T 2 Arr^ 

ds\ = G^dx^dx" = —A-hdt 2 + dx 2 ) + — — , (2) 

times the metric for an S 5 of constant radius L. The crucial insight of jTJ is that this 
asymptotically anti-de Sitter part of the geometry is the part that encodes the physics of 
M = 4 super- Yang-Mills theory. 
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A test string in AdSs-Schwarzschild can be described by the Nambu-Goto action: 

S = "i 7 / dVe ^V-det<7 Q/3 g ap = G^X^dpX" , (3) 

where a a are coordinates on the string worldsheet, = X fl (a) specifies the embedding 
of the string worldsheet in spacetime, and is the AciS^-Schwarzschild metric (J2J). The 
dilaton factor e^/ 2 accounts for the fact that G^ v is the five-dimensional Einstein metric. 
This factor can be dropped because <fi = in the background. The equations of motion 
following from (j3J) may be expressed as 

V a P% = P% = -J-jG^X" , (4) 

where V Q is the covariant derivative with respect to g a p. P a ^ is the worldsheet current of 
spacetime energy-momentum carried by the string 

Consider motions of the string in only one of the spatial directions spanned by the D3- 
brane: the x 1 -direction. In static gauge, a a = (t,r), the embedding of the worldsheet is 
completely specified by the function x(t,r). Without assuming that this function is small, 
one may obtain from (jSJ) 



S = -^-[dtdr£ C=-Jl + ^xa-^, (5) 
lira' J V H h 

where x means dx/dt and x' means dx/dr. For brevity I have written H in place of L 4 /r 4 . 



3 Drag force on an external quark 

A suitable ansatz to describe the late-time behavior of a string attached to an external quark 
that moves with speed v in the x 1 direction is (in static gauge) 

x\t,r) = vt + £(r) + o(t) , (6) 

where the o(t) term includes all other motions which damp out at late times. The ansatz 
© depends on the assumption that steady state behavior is achieved at late times. From 
now on we will neglect the o(t) part entirely. 

It is easy to show that the differential equation one gets for £(r) is the same if one plugs 
(jUJ) into the Euler-Lagrange equations following from ((SJ) or if one first substitutes © into 
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the lagrangian (jSJ) and then derives the equations of motion. The latter approach is a little 
more transparent: one has 



and the equation of motion is simply that ir^ is a constant. One may solve the defining 
relation for 71^ for 

Z = ±7r ?ir 



h V h - n 2 H ' v ' 

To fix the sign ambiguity, observe that £' should be positive in order to describe a string 
that trails out behind the external quark rather than "trailing" in front of it. If ir^ is chosen 
positive, then the sign in (JHJ) should be +. 

There is an obstacle to integrating (jSJ) to find £(r): we must require that £(r) is everywhere 
real, but the square root on the right hand side is in general not everywhere real. The function 
h(r) interpolates between 1 at the boundary of AdSs-Schwarzschild to at the horizon, so 
at some intermediate radius h — v 2 switches sign. The only way to avoid an imaginary right 
hand side in (JHJ) is to set 

It is interesting that ir^ is set not by a boundary condition exactly at the horizon, but rather 
at some larger radius. Plugging (JHJ) into (JHJ) leads to a remarkably simple result: 

r 2 TT 2 r2 

f = v JLtL - .. r H L 



L 2 h r 4 — r%, 
Li ( _ x r r + Th 



£ = f tan h log 

2r H V r H V r - r H 

We have already remarked that P a ' ^ defined in (0} is the conserved worldsheet current of 
spacetime energy-momentum. To calculate the flow of momentum dpi/dt down the string 
(that is, from the external quark into infrared dissipation) one needs the following integral: 

AA = j^dt^P r xl = ^-At. (11) 

where the integral is taken over some time interval X of length At. Because P a ^ is conserved, 
it should not matter at what radius we choose to evaluate the integral. The orientation of 
the integral is chosen so that dpi/dt is a negative quantity: it is the drag force, which points 
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opposite the motion. A slightly tedious calculation leads to 



^ = ^PV = - y/T ^ G x . v g™d a X>> = - l/L2 , I . (12) 
Now we recall two useful formulas: 1 

L 4 = g 2 YM Na' 2 T = ^ , (13) 

where T is the Hawking temperature, whose dual description is nothing but the temperature 
of the plasma. Plugging (|13|) into (|12|) leads to the final result for the drag force: 

d Pi = ^^9ym n T 2 v _ , u \ 

dt 2 ^/T^' 

It is interesting to express the result (|14j) in terms of the momentum pi and mass m of 
the external quark, even though both are formally infinite: 



dpi = ^V9ym n T 2Pi (15) 
dt 2 m 

Continuing in this somewhat formal spirit, one can integrate ()15|) to find 

Keeping previous remarks about uncontrolled approximations firmly in mind, consider the 
following equivalent ways of expressing to in physical units: 

m/rrib 

bottom: t ~ 2tm/c 



y/gjr M N/10 (T/300MeV)2 

i . nat / m/m c 
charm: tn m (J.o rm/c — — . 

^g' YM N/10 (T/300MeV) 2 

It might be illuminating to compare these relaxation times with the rate of energy loss of 
bottom and charm quarks moving through the QGP. 



^ee for example |22j . But note that modern usage is g Y M = 47r.g s tring rather than g\ M = 27n7 s t r ing, 
leading to factors as written in (fH5|) . 
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4 Discussion 



The expressions ([17p for relaxation times are at least in an interesting ballpark for RHIC 
experiments, where timescales of interest are between roughly 0.3fm/c and 8fm/c. But the 
mechanism is very different from more established theoretical descriptions of jet-quenching 
at RHIC, for example the framework ([23112111221123 and references therein) in which energy 
loss depends on the square of the distance traveled because of destructive interference effects 
between the quark and a radiated gluon. 

Carrying the formulas (j!5[) and (j!6[) over to RHIC physics makes the most sense for 
heavy quarks, as we have suggested in (j!7[) . But does it make sense even there? The 
absence of dynamical quarks in the fundamental representation in J\f = 4 super- Yang-Mills 
means that the QCD string cannot break, whereas of course it does in QCD. Perhaps the 
thermal mass for quarks inhibits this enough for the trailing string in ArfS'5-Schwarzschild 
to have some validity. This trailing string has a dual description, perhaps best thought of as 
the shadow it casts on the boundary, which could be computed by finding the dilaton and 
metric perturbations generated by the string and propagating them out to the boundary, as 
in [THl 12 7j . The result would be profiles for (tr F 2 ) and (T^) in the gauge theory, which for 
highly relativistic velocities presumably indicate a sort of "wake" with the external quark 
at its leading tip. 2 Perhaps the shape of such profiles could be related to the topology of 
individual events where a hard jet dumps most of its energy into the QGP. 
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